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Abstract 

In this article, we derive an asymptotic formula for the second moment 
of S(t) which includes the lower order terms using a prediction from the 
ratios conjecture of Conrey, Farmer and Zirnbauer. The formula matches 
very well with actual values of the second moment. 



1 Introduction 

Let p = P + *7 denote the non-trivial zeros of the Riemann zeta function £(s). 
For t 7^ 7, 

S(t) := -argC(i + it) = -Imlogcd + it), (1) 

7T Z 7T Z 

where the argument is obtained by continuous variation along the horizontal 
line a + it starting with value zero at oo + it. For t = 7, we define 

S(t) := lim ^ + ^)-^-^). 

Selberg QJJ proved that 

[ T \S(t)\ 2 dt= ^logdogT + OeTQoglogT) 1 ^). 

He also proved the same asymptotic formula with a better error term 0(T) 
under Riemann Hypothesis (RH). Later, Goldston jS] proved that, under RH, 



|S(t)| 2 di=^loglog^ + ^ 
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where Co is Euler's constant and 

0<7,7'<T 



1 



with w(u) = 4/(4 + u 2 ), is Montgomery's pair correlation function. Here and 
throughout the paper, p will denote a prime and sums or products over p are over 
all primes. Note that the integral involving F equals to l + o(l) if Montgomery's 
Strong pair correlation conjecture is true. Under RH and a strong quantitative 
form of Twin Prime Conjecture, the author proved in 0] that 



\S(t)\ 2 dt 



; 2^ l0gl ° g 27 



EE 

m—2 p 



l 

m 



T 
1 

m 2 / p 



F{a,T) 



da + Co 
CiT 



2tt 2 log' (T/27I-) 



O 



T log log T 
log 3 T 



where C\ is some constant. This does not quite give the next lower order term 
iog^(T/27r) as things are hidden in the integral involving F. Our goal is to get 
all the lower order terms for the second moment. To this, we shall prove 

Theorem 1.1. Assume RH and \2(A) . we have 
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where A is defined in $21]) . < a < 1, 0<c<l may depend on a, and x = T 13 
with free parameter < [3 < 1/2. 

Although it is not immediately clear why the second integral above gives the 
lower order terms, equation in the proof gives some indications. The last 
section shows very good numerical evidence for the above Theorem! 

One can modify the proof to get short interval result (left for the readers) : 



Theorem 1.2. At 



RH and \2ty . we have 
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2, > (2^ vdy 



dt 
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v 



C(l-v)C(l + v)A(v) 
+ 0(He- cilosT ^) 

for T f < H < T with e > 0. Again < a < 1 and < c < 1 may depend on a. 
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2 Explicit formulas 



We need some notations for inverse Mellin transform. For real f(x), its Mellin 
transform is 

r°° dx 

F(s) := / s'/Or) — • 



o 



Wc define 



f 



c+ioo 



F(x) := / F(s)x~ s ds 

2ni 



for some c such that the integral converges. Here F is called the inverse Mellin 
transform of F and F(x) — f(x) if f(x) is a nice function. 

We need a certain nice entire function g(z). From Gelfand and Shilov [JJ, 
Chap IV, Sect. 8, there is an entire function f{z) ^ satisfying 

\f(x + iy)\ «e^l/ 4 -l a; l Q 



for < a < 1, and /(z) is real for real z (i.e. f(z) = f(z)). Without loss of 
generality, we can assume /(0) = 1. Define f\(z) — IL^l+ltzll^ Then fi(z) — 
A (-•*), AO) = A(z), and 

l/x^ + i^l^el*!/ 4 -!-!". 
Define AO 2 ) = fi(iz). We have 

|A(z + %)| « el*'/ 4 -'*!" 

and, for real a, 



Mo) = A = AHff) - A(^) = AW- (4) 

Finally, we define an entire function g(z) := e z / 2 /2(z)- By ijljl. g(z) is real when 
z is real (i.e. g{z) = g(z)). Moreover, 

, . , f e^l", if x > 0; , r , 

+ e x/4-i«r s ifa;<0 . (5) 

In summary, g{z) is an entire function of order 1 with good decay in the negative 
x direction and y-directions, and g(0) = 1. 

Lemma 2.1. For x > 4 and s ^ 1, p, — 2n, 

C'/ s A(n) . . ^n. ff((l-s)loga;) >-> g((p - s) \ogx) 

-r (s) = - > — — 5o(e'°^) + > 

C ^-^ n s 1 — s z — ' p — s 

' n=l p 

g(-(2n + s)loga;) 

n— 1 

where ga(z) — g(z)/z and g(z) is the entire function constructed above. 
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Proof: Consider the integral 

1 = - — / — (s + w) du; 

where c > 1 — 5fts. On one hand, by Cauchy's residue theorem after shifting the 
line of integration to the left allowed by and g(0) = 1, we have 

r C , s ff((l-«)logx) ^ s)logx) -A g(-(2n- s)logx) 
/= C (S) 1^ + ^ J=~* + ^ -(2n + S ) (6) 

due to the pole of ^ at w — 0, the pole of ^-(s + w) at w = 1 — s, and the poles 
of the zeros of ((s + w) at w = p — s and w = — 2n — s respectively. Note that 
the sums over p and n converge because of the nice decay (JjjJ of g. On the other 
hand, using £(s) = - 

(7) 

^ n s 27TZ J c _ ioo u ' n s 

Here the interchange of summation and integration and the convergence of the 
last sum are justified by the good decay of g even when 3?s < 1. Combining JSJ 
and (JZJ), we have the lemma. 

Lemma 2.2. Assume RH. For t > 1, t ^ 7, x > 4, we have 
1 A(n) sin (i logn) _ i°gn . 



c— \ 



A(n) 1 f c+ioo g(v) ^A(n) r 



it z — ' r) 1 /^ Incr r? 
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where 



= 1 r° ^-ttO _ ^+-) dw (8) 

27rj /„ u — iv u + iv 



Proof: By Lemma \l . II with s = cr + it, a > 0, 

t ?r j_m V^ A H • r+i w £K^t . 9 ((l-g-^) log a:) 

lm — cr + ir = > sin clogn on e 10 * 1 + im 

C ' ^ n a v & /»"v ; I- a -it 

s n=l 



o"- it) log x) , T ^ g(-(2n + a + it) log x) 

p 

By ©, 



Im y yw-°-"i^) + Im y 

^ p - a -it ^ 2n + a + it 

p ' n=l 



^ g(-(2n + a + it) togx) ^ -(n/2+«r/4)logx p -|tlogxr ^ e |tloga:r 

^ 2n + (T + rt ^Z^ e ^ x l/2+a/4 
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Then, by Q, 

1 f 00 C' 
S(t) = / lm^-{a + it)da 

K Jl/2 C 



1 v-^ A (re) sin (tlogn) _ . i°s g , 1 f°° T <?((/° — c — it) losx) , 



n 1/2 logn tt7 1/2 ^ p-a-it 

V 2 ,., ,„\ /e -|*logx| c 



,1/2 



+ o(^_ e -i tl °g-r) +o( 

because, by ©, 

g((l -a -it) logap 
1/2 I- a -it 



(9) 



1 

a; 
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1/2 



1/2 



| £ log a; | ° 



Now, using RH, Imz = — (,2 — z) and g(z) = the integral in 

Im y> g{{{\ -o)~ z(t-7))logx) 
1/2 V (I 7) 
^ 1_ g((o- - i(t - 7 )) log a) g((o" + i(t - 7 )) log x) 
-Zf2iJ_ ao «7-i(t- 7 ) a + z(t- 7 ) (10) 

'•" £f(u-i(t-7)loga;) ff(u + i(t - 7)logx) 



On 



2i J_ 00 U — i(i — 7) logo; 14 + i(t — 7) log a; 

Again, the interchange of summation and integration and the convergence of 
the final sum are justified by the good decay of g. Hence, the lemma follows 
from JHJ and (JTOJ. 

3 Some properties of h(v) 

Recall h is given by JSJ- Clearly, h(0) = and h(v) is an odd, real-valued 
function. For the decay of h, we have 

Lemma 3.1. 

h(v) <e-H Q . 

Proof: Since g(z) is entire and g(0) — 1, g(z) = 1 + O(z) when \z\ < e for 
some small fixed e > 0. Now, if \v\ > e, we have 



h(v) 



l -C 9(u-iv) _ 9 (u + iv) du<< i_ r° e -u,4 e -\ vrdu<<e - M 



2m J_ oa u — iv u + iv £jy 
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If < |k| < e, it suffice to consider < v < e as h is odd. Observe that h(v) 
consists of two horizontal line integrals of *^2, one at height — iv and the other 
at height iv. So, if we join the two lines by a semi-circle C v : {z = ve 1 ® , —tt/2 < 
9 < 7r/2}, we can apply Cauchy's residue theorem and get 



1 =. 9 (0) = h(v) + -L / ^Idz 

Z7TZ J (j Z 



Hence ft-(w) 



t/2 we 
1 r /2 

0(i>) and we have the lemma. 



Lemma 3.2. Let f(a) = f_ f{v)e 27Ttav dv be the Fourier transform of f . 
Then, for large M, N > and small enough e > 0, 



h(a) 



2ni 



N 



M 



M 



g(u — iv) g(u + iv) 



u + iv 



e~ 2mav dv du 



+ 0(Me- M °) + 0(e- N/4 ) + 0(e). 



Proof: By the definition of h and Lemma 13.11 h(a) is clearly well-defined 



and 



h(a) 



M 



h(v)e 



dv + 0(Me~ M ) 
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Putting in the definition of h(v) and using (J5J, we have 



h(v)e 
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M r 
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-h +I 2 + 0{e 



"dv 



g(u — iv) g(u + iv) 



u + iv 



du e- 2mav dv 



g(u — iv) g(u + iv) 



-M J—N 
M r 

-M ■ 



u — IV 
g(u - iv) 



u + iv 
g(u + iv) 



du e - 27rlav 



dv + 0{e~ N ' 4 ) 



(12) 



U — IV 

g(u-iv) 
. u — iv 

N/i, 



u + iv 
g(u + iv) 



u + iv 



du 



du e ~ 2mav 



"dv 



dv + 0{e- N ? 4 ) 



I2 can be broken down further into 



By ©, 



■h = 



r M 



g{u — iv) g(u + iv) 



u — IV 



u + iv 



e - 2 ™ v dv du 



1 

2 e 



M 



p2 e 



Similarly, 



J 2 < e. 



Now, as g is entire and g(0) = 1, g(u±iv) = l + 0(\u±iv\) for — e 2 < u < and 
—e<v<e provided e is small enough. Thus, by oddness of the inner integral 
in v, 



g(u — iv) g(u + iv) 



u + iv 



sin (2irav)du dv 



o r 



— eJ—e 



1 



1 



u — iv u + iv 



+ 0(1) sin (2nav)du dv 



2v sin (2irav) 
v? + v 2 



du dv + 0(e 3 ) < e 3 



as the integrand is bounded. Therefore, 1% <C e. Hence, combining this with 
and H12fl . we have the lemma. 



Lemma 3.3. 



Proof: Since h is odd, we may assume a > From Lemma 13.21 with 



E = Me~ M " 



2ni 



-N J-M 



g{u-iv) 



u — iv 



e -2^av dv du 



2m 



N 



M 9(u + iv) e _ 2niaV(Jvdu + ^ 



_ M u + iv 



2nauJ_ f M g(" ™) e 2«a ( u-iv) dvdu 



2ni 



'—TV xTM J — M a — iU 

( _L_ l g(u + iv) e ^ a{u+lv)dv du + Q{E) 

i_ N 2mJ_ M u + iv 

=h- h + 0{E). 



The inner integral of I\ 
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g{z) 



dz 



iM z 



+ O( 
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by shifting the line of integration to the left as a > and using Cauchy's residue 
theorem. The error term comes from estimating the two horizontal line integrals 
at heights — iM and iM. Similarly, the inner integral of I2 



11 r+-£fe) e -„„ d 0( i. 

l 2m J u _ iM z 1 i M 

by shifting the line of integration to the right and picking up a pole at z = 0. 
The shifted line integrals are small provided that 2na > 1 as g(z) <C e' 2 ' by (J5J. 
Consequently for a > 57, 

— e 2 

ft(o) = t / e 2 ™ u du + 0{— +E) = — [e- W - g- 2 ™^ + Of — + £). 

i J_ N M 2na M 

The lemma follows by taking M, N — > 00 and e — > 0. Note: This property of /i 
is the same as that of equation (3.10) in Goldston 
Lastly, we have a crucial identity relating go and h. 

Lemma 3.4. 

p-Ae-ir—Ms))' 

Proof: Recall the definition of go in Lemma 1^.11 it suffices to show 

1 r X !^e-- dv = iuk(^-) (13) 
Jc-ioo V \2ir) V > 



1 

2iri 



for c > 0. Firstly, one can easily check that l|13|) is true when u = by 
Cauchy's residue theorem and shifting of the line of integration. Without loss 
of generality, we may assume u > as the other case is similar. Now, by Lemma 
E2 it suffices to show, with E = Me _M ° + e~ N / A + e, 



1 r° 


4-2 00 / \ 

9(z) e 






ni Jc- 
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200 






iu 




' 2tH . 


l-N J-M 



—N J-M 



£t±^le—dvda + 0(uE) (14) 
a + iv 

=h+I 2 + h + 0(uE). 
Imitating the calculation in Lemma 13.31 one has 

/> — e 2 -1 ra+iM t \ -1 

h = -u\ e-™^- I i^l e ^dzda = 0(4 7 

and 



N 2ni J a _ iM z M' 



/a+iM 
a—iM z 



1 1 i-cr+iM 1 \ 

h = -U I e™-— / ^-e- uz dz da. 
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Instead of shifting of the line of integration to the right in ^3, we just shift it to 
the vertical line 5ftz = — e with an error O(jj). Thus, 



1 r + a{z) _ 

h = -u 



[ 6 1 ^l e ~ uz dz ( ' e™da + 0(—) 
2m J_^ lM z J_ N M 

1 r-e+iM r \ -, 

" / m e - u * dz{1 + 0{e 2 u + e -N u)) + Q{ 1 ) 

2m J_ e _ iM z M 

1 p — €.-\-ioo r \ -j 

' g[Z 'e- uz dz(l + 0(e 2 u + e- Nu )) + 0(i-) 



2m ,/_ e _ 400 2 ' ' 1/ 

1 r e+to ° g(z) _ UZ J / e- Nu 1 



2?ri J_ e _ too z \ e M 

by again. Therefore, the right hand side of i|14fl 

= _L/ iW e -uz dz _J_ iW e -uz dz+0 f eu+ e + 

2 ™ ,/c-ioo z 2tti J_ e _ loo z V e M 

which equals to 1 by Cauchy's residue theorem and letting e — > 0; M, A" — * 00 
appropriately. Hence, we have the lemma. 

As a consequence of Lemmas 13.31 and 13.41 we have 

g ~ (e u ) = when |it| > 1. (15) 

This can also be proved directly by considering ^ f c + lo ° sM e -»«(f s an d shift- 
ing the line of integration to the right. 

4 Starting the proof of Theorem 11.11 

The method of proof is essentially that of Goldston [5]. By Lemma l2~2l and l|15fl. 

we have, for t > 1 and t 7^ 7, 

A(n) sin (i logn) _ 



1 ^ A(n) sin flog n i<>j» 
7r n 1 /^ logn 



n<a: 



/T l/2 . . |tlogx 

= 5>((f - 7) logs) + o(^ e -l tlo ^l Q ) + 0(— 



/2 

Since /i is bounded and the above formula holds except on a countable set of 
points, we have on squaring both sides and integrating from 1 to T, 

J \S(t)\ 2 dt + H(T) + G{T)=R + 0{T 1/2 x 1/2 ), (16) 



where 

1 1 < — , A (n\ sin (t lncr n.\ i«t> 2 



f I 1 \- A(n) sin (t logn) 12m 
I 7T z — ' n 1 '^ log''" 

n<a: 
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H{T)=* [ T S(t)J2- 



A(n) sin (i logn) jai,,, 
i L ' z logn 



and 



The error term is obtained by Cauchy-Schwarz inequality since R -C T. The 
lower limit of integration may be replaced by zero since /o |S(i)| 2 dt < 1. Fol- 
lowing the same calculation as Goldston jS], we have, for x > 4 and T > 2, 



i? = 



log a; 



^ fc(( 7 -7')logx) + 0(log 3 T) 



(17) 



0<7,7'<T 



where k{u) = —h(u) 2 . Note that since /i is odd, h is odd. So k and fc are even 
functions. Also, from [8], 

< n S 71 



and 

H{T) 

Thus, by Lemma 41 



— E -TT3T90( el5i? ) + 0(x 2+e ). 
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T x A 2 (n) r 
2?r 2 ^ nlog 2 n 



1 - go (e><*« ) 
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27r2 ^ nl °S 2n 
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T 1 ^ A 2 (n) 



A 2 (n) / logn 
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— r 



A 2 (n) 
^nlog'n 

A 2 (n) 



27rloga;/ 27r 2 ^nlog n 



2tt 2 fog 2 x a 



logx fc(r logx)e 2 



27r 2 ■^r' n log 2 n 



T 1 

27r 2 log a; 



/oo 
log a;) 53 ' 

-°° n<x 



A 2 (n) 
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A 2 (n) 



2 ^ 2 ^ nl °S Zn 



because fc is even. Now 



53 - = log log u + c + 53 [ lo S (i 



1\ 1 



■r(u), 



(18) 
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where r(u) -C u 1 / 2+e under RH and the sum over primes in (|18l) is equal to 
- Em= 2 E P Therefore, 



-G(T) - H(T) = - JLJ- /°° fc(rlogx) V ^^rfr ' T 
v ; v ; 27r 2 logx 7.^ v 5 n x + lr 



2tt 2 



log log x + Co 



y e f 1 - A) — 1 + °( -f^-l + °^ 2+e )- 

^^\m m 2 Jp m l \x l /^- e ) 

va—1 p 



(19) 



5 Using the ratios conjecture 

Denote 

Z = log — and A = logx. 

271" 

In view of (|16() and i|19|) . it remains to deal with i? or the double sum 
£= E fc((7-7')log^)= E /(7-V) 

0<7,7'<T 0<7,7'<T 

with /(r) = fc(rlogx). Note: Since h(v) <C e - '"' by Lemma [3.31 and k(v) = 
h*h(v) (the convolution of h with itself), k(v) < e -1 " 1 " and f(r) < e -|riogx| Q _ 
It is here that we make use of the ratios conjecture by Conrey, Farmer and 
Zirnbauer (see Conjecture 1 of J5J)- Using it, Conrey and Snaith jS] derived a 
formula for pair correlation of zeros: For continuous real, even function f(r) 
with f(r) < 1/(1 + r 2 ), 



E /(7 " 7') = ^ f (2^/(0) log ± + /(r) (log 2 ± + 2 ((£) '(1 
(— ) "c(l - ir)C(l + *r)4(ir) - B(*r)) ) dr) d£ + 0(T 1/2+e ); 



(20) 

here the integral is to be regarded as a principal value near r = 0, 
and 



logp 



p 

Remarks: 1. In jfy, / is required to be analytic in a horizontal strip around the 
real axis but our / is not even differentiable. 2. Also, in @, / has no dependency 
on T while ours depends on x which in turn depends on T. 3. Equation l|2U|l 
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was first derived by Bogomolny and Keating [3] using random matrix method 
(see |2 for more details). 

One may even conjecture, for e > and T £ < H < T, 



T<j,f'<T+H 



By m, 
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2tt/(0) log 
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r 

— T 



/(r)(log 2 



2tt 



Y(l + ir) 



'(f) "c(1 ~ *r)C(l + ir)A(ir) - fl(ir)))dr)tft + 0(i? 1/2 T e ). 

(23) 



(2tt)2 



2tt/(0)Z 



dr 



dr 



+ | /W2(^) _ "" [C(l - *r)C(l + ir)A(ir) - ^] rfrjdt + OfT 1 / 2 ^) 

» Z" 00 „/27r , / /sin7rw\ 2 \ , 1 , 
/(0)+ / /(— «)(l-(-^J )du\dt 



(2nf 
T 

2^ 2 
1 



T f°° r/CV l 



+ 



f(r) ((I - ir)C{l + ir)A(ir) 



dr 



-irl 



dr dt 



+ 0{x\ogx)+0{T 1 ' 2+,L ) 

=Si + S 2 + S 3 + 0(as logs + T 1 / 2+£ ). 

The integrals can be extended to ±oo with small error because of the good decay 
of /. Also, Si is essentially done in Conrey and Snaith |H] using appropriate 
algebra and substitution. Note that the above matches exactly with the pair 
correlation function R(x) in 0. Si, S2 and S3 correspond to Rgue(x), R\{x) 
and Rl(x) in [2] respectively. 

Since h is odd, one can easily check that k(0) = J™ h * h{x)dx = 0. Now, 

by Parseval's identity f{x)g{x)dx = f(x)g(x)dx, 



Si = 



1 



(2tt) 2 
1 

1 
1 



2irl 



2irl 



2ttZ 



4irl 



,2tt 



f(0) + J f(—u)du- J f(—u)[ 
fc(0)+0- 

l , 



2ir /sin7ru\ 2 



du 
dt 



dt 



2ir\ 



\2tt\) 



— k(— 

2n\ \2ttX 



dv 
dv - 



_i 2tt\ 
1 Iw , 



dt 



2ttA \2ttA 



di> 



df 
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As I > A and v > 1, — Thus, since k(u) = —h(u) 2 , we may apply 
Lemma T3. 31 and get 



Si = 



{2-Kf 



X/l 



4nl 



-dv 



Iv 



-dv 



dt 



1 



(2^) 2 J x 



4ttZ 



2ttA 2ttA , Z 2A /" 1/27r 



log- 



4tt 2 Z 4tt 2 Z b A Z 

l/2ir 

k(u)u du 



k(u)u du 



dt 



A A / 



TA TA T TA A T 



2TA 



1/27T 



k(u)u du + 0(a;A). 



Here Li(x) = /» ^. 



(24) 



Next, it turns out that there are some cancellations among S2, G(T) and 
H(T). In view of i|16|) . I|18() and the decomposition of S, let us consider 



J =-V 2 -G{T)-H{T) 



T 
: 2^2 



m—2 p 





1 - 


)-l 


(-- 


m 2 > 





= J i + J 2 + (^7)+ ^ 2+£ ) 



(25) 



V A>) 



T 

C l/2-< 



by l|19l) and the definitions of A and i? (see (|21|l and (I22ll ). Before proceeding, 
we need some lemmas. 



Lemma 5.1. For x > 4, 

logp N 2 



51 ( 



- 1 



^ A(n) logn- A 2 (n) ^ ^ 



,1+ir 



log a; log log x N 
^V 2 , 
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Proof: The left hand side 



„2(l+ir) \ l_ 1 J „2(l+ir) 
p 1 P 1+,r p F k=Q F 



\ - log p r \ - 

„2(l+ir) [ 



„2(l+ir) [ ^ „fe(l+ir) V /log* p 

P fe< '°« * log p ^ 

— log p 



\- (ft + 1) log p / loga; \ (/ - l)log p ( logx \ 

2^ v (k+2)(l+ir) + \ x ) ^ Ml+ir) V X J 



p.k * p,l>2 

log Ax 

(Z-l)log 2 p , , log 2 p^ l( yloga: 



E «J(x+*r) +( ^(z^ ' E 

p,i>2 F Z=2 x l/i <p < x l/(l-2) F 



V 



log 4i 

2 log 2 



; E ^ + °(E 7 Kl/J — du J +0 (-rJ 

(l-l)log 2 p /log 2 a; log log x\ /logon 



= e 1 " f y^f p + o p s ^f^ i + of ^) 

pj(l+*r) v x 1 /2 y \ X J 

p,l>2 1 
p l <x 

which gives the lemma. 

Lemma 5.2. isswrae RH. For real r, x > 1 and some < e < 1/4, 



t)' (1 + <r) + 1 = V + + + 0(x-V*h.) 



Note: Both sides are well-defined even with r = 0. 

Proof: By Perron's formula (see Titchmarsh |1 1 j Lemma 3.12 for example), 
for some large M > 1, 



v^A n logn 1 f + /CV, , .,1 s , _/ a 
> ' =— / -T (s+l + «r)— ds + O — 



Me 2 M 

I A+e+iM .p., x s 

Res s=0 + Res s= _ ir + ■— / I — (s + 1 + ir) — ds 

2m J_x +e _ iM \ C, J s 

x e log 3 x\ ^(x e \og 4A M- 



\Me 2 M J V 



Me 2 M J V M 

where Res s=Q stands for the residue of the integrand at s = a and the last 
error term comes from estimating the horizontal line integrals at height ±iM 
as ^q^y, ('(a + it) and C"(°~ + it) are au smaller than \og A \t\ for some A > 
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when i + e < <r < 2 and \t\ > 1 under RH. The integral on the right hand side 
is 

«x- 1 / 2 + £ Aflog 4A M. 
By standard calculations with Taylor's expansion, one has 

x~ lr \osx x~ %T 



Res s 



o = (j) (1 + ir), 



and Res s= - 



Combining all these together and choosing M = a; 1 / 4 , we have the lemma. 

Now, we are ready to resume with the proof. By Lemma 15.11 and 15.21 the 
Dirichlet polynomials in J 2 of i|25|l cancel out exactly and we have J2 



T 
Z 2^X 

T 
: 2tt 2 A 

T 

: 2tt 2 A Jo 

T 
2n 

T 
'"20* 

T 

T 

: 2^2 



k(r\) 
k(rX) 



-ir \ 1 _ -ir 

^—^ + -^^ + 0{x- 1 '^) 
ir r z 

(x~ ir ~ x lr )X 2-{x~ ir +x ir ) 



2k{r\) 



ir r 
1 — cos (rX) sin (rX) 



7^1 Hu) 



1 — cos u sin u 



*(«) — 



sin £ \ 2 1 



r 

du + O 



dr 

dr + O 

T 



T 



3,1/4-, 



1/4-e 



fc(u)27rmax{l — |27rw|,0} — dv — I k(v)nX[— i ) ii(7ru)dw 



r 



,1/4- 



T 



,,1/4- 



2tt 



1/27T 



1/27T / i' \ 

k(v)(l ~ 2Trv)dv ~ it k(v)dv +0[ . - 1 



2T 



1/27T 



(26) 



by Parseval's identity. This cancel out with one of the terms in t£i- Therefore, 
from (TH and (JTHJ, 



/ T |S(i)| 2 cft =i? - G(T) - F(T) + OC^/V/ 2 ) 
Jo 



=i[Si + S 2 + S 3 ] - G(T) - H{T) + O^^x 1 ' 2 ). 

A 
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Combining the results in 124|) . H25|) and (|26[1 . we have 



i^)i 2 *=^iogiog^ + ^[i + c -f:5: 



m=2 



2tt 2 A 



a; «/ — oo 



ir V2vr/ 

+ 0(^ T ^ 7 ) + O^x 1 ' 2 ) + 0(x 2+ *) 



fc(rA) C(l - ir)((l + ir)A(ir) 



1 > 


)-l 


m 2 / 


' p m J 


1 - 


e -irl 







+ 



2tt 2 A 



t 

27 + 

T /-oo 



m=2 



(1 


1 ^ 






TO 2 / 


/ pm 



dt 



X <J — OO 



fc(rA) C(l ~ ir)C(l + ir)A(ir) - 



e" lW dr eft 



+ °(^=l) + ^(T 1 /^ 1 / 2 ) + 0(:r 2 + e ) 

6 Completion of the proof 

It remains to deal with the integral in Ij27(l . Let 

j(r) := C(l - vr)Q{l + ir)A{ir) - -j 

Then j'(r) <C min(l, log B r) for some i? > 0. Moreover, from the definition of 
A(rj), j(z) can be treated as a function at least on the complex disc \z\ < -|. Let 

I := — k{rX)j{r)e- %rl dr. 

" J-oo 

By substituting v = p-, we have 



(27) 



(28) 



for some constant c > 1. Now, as fc and fc are even, ^fc(^) = /_ k(ax)e 2 * lux dx. 
Differentiating it m times, we have 



L. L.jfe("0(T) = / %{ax)x m e 

m) m a m+1 \aJ ^, ' 



{-2iri) m a 



rn ^ — 2niux 



dx. 



(29) 



We can do this because k has good decay. Suppose the Taylor's expansion of 
j(z) with remainder term in \z\ < i is 



2 N 

ao + a\z + a,2Z +... + a,NZ + 



2iri 



(30) 



oN+l 



(s-z) 



16 



where C — {\z\ — i} (see Ahlfors page 179 for example). Since j is bounded 
on C, the above remainder term is 0((3\z\) N+1 ). Putting l|30|) into Q28[l. we 
have 



n=0 



(6tt 



,jv+i 



2tt 

: a7 



-cA° 



dv + O 



(^) + 0(e—) 



,iV+l 



for some < d < 1. Note: a n = ^ J c j^dz < 3". By 



N 



\N+1 



But recall fc(u) = —h(u) 2 = 4v l u ^ when u > Thus 

i 4^ ( ^ + 1)! (— ) 



27T ^ /27T 1 



n=0 v ; 



O 



AT ,,. , A+J 



(31) 



~/ 2 



n=0 



which is independent of A and gives an asymptotic series for the lower order 
terms! 

Apply r(s) = J °° e~ u u s - x dt to JST), we have > for ^ < 



ue~ u du + O 



(6tt 



1 

1 



n=0 



— )+o( e - dAQ ) 



n=0 



ue~ u du 



3 n+i u n+i 
lN +i 



■(6tt^ +1 

i r Q /-to 

i4 



3 N+1 (N + 2)\ 



ue~ u du + O 



IN+1 



( 3 N l (N+l)a t 



-dX° 
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Take N = with K large enough and use (N + 2)\ < (N + 2) N+2 , we have, 

as I > A, 



/ = 



uc u du -\- 0(e~ ) 



= j- 2 , ue 



c(l _») c(l + ») A( » ) + J_],„ + 0(e -- ) (32 , 



C(l - w)C(l + v)A(v) + ^ dv + 0(e- d ' xa ) 



for some < d! < 1. Putting (|32|) into (|27|l and integrating with respect to t, 
we have Theorem ll.il Note: d' may depend on a. 



7 Numerical evidence 

Recall Co = 0.5772156649... and by Mathematica, one has 



V y(I-i-) J- « 0.176248. 

m—2 p 



Note that 



N(T) 



T , T 
— log 

2tt 5 27re 



5 + ^ + o(i 



where N(T) denotes the number of non-trivial zeros of £(s) from height up 
to height T. The second moment S(t) 2 dt is essentially the variance of N(T) 
from log 7T— + | with small error. Thus, one can use a list of the zeros of C(s) 

2tt g 27re 8 ' ^ v ' 

(for example by Odlyzko [5]) to compute J Q S(t) 2 dt. The asymptotic formula in 
(j3J can be calculated by Mathematica. For our computations, we take x = \/T 
and approximate the Euler product A(r) by a partial product where p ranges 
through the first 5000 primes. Also, instead of integrating the second integral 
from to 1, we integrate it from to 1 — 1/T with an error at most O(logT). 
We give the numerical evidence in the following table. Column A stands for the 
value from the formula in J^J, column B stands for the value from the formula 
in (J2J) and column C stands for the value from the formula in J2J subtracting 
iLi(f). 



T 




A 


B 


C 


9998.85040 


1653.145 


1651.05 


1721.61 


1638.76 


19999.27562 


3411.009 


3407.72 


3534.54 


3386.35 


29999.71003 


5200.768 


5196.71 


5376.49 


5167.12 


39999.49733 


7009.117 


7005.47 


7236.31 


6968.18 


49999.57275 


8831.813 


8828.58 


9109.15 


8783.93 


59998.88155 


10668.969 


10662.7 


10991.9 


10610.9 


69999.61050 


12509.875 


12506.1 


12883.3 


12447.4 
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The values of T are the largest imaginary parts of the zeros of £(s) just 
below 10000, 20000, 70000 respectively. By comparing the second and third 
column, the asymptotic formula in (J3J) gives very good approximation to the 
second moment. By comparing the second, fourth and last column, we see that 
it is reasonable to have — — Li(^-) in the asymptotic formula. 
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